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Dedicated to Professor Yang Lo on the occasion of his 70th birthday 

Abstract. Let be a family of holomorphic functions and suppose that there 
exists £ > such that if / S J^, then |(/^)'('^)| < 4 — e for all fixed points ^ of 
the second iterate We show that then is normal. This is deduced from 
a result which says that if p is a polynomial of degree at least 2, then has a 
fixed point ^ such that > 4. The results are motivated by a problem 

posed by Yang Lo. 



1. Introduction and main results 

Yang Lo [14, Problem 8] posed the following problem in 1992. 

Problem. Let J-" be a family of entire functions, let D C C be a domain and let 
n > 2 be a fixed integer. Suppose that for every / G J-" the n-th iterate does 
not have fixed points in D. Is J-" normal in D7 

An affirmative answer was given by Essen and Wu [7J in 1998. They did not 
require that the functions in J-' are entire but only that they are holomorphic in D. 
The iterates : Dn — ?■ C of such a function f : D ^ <C are defined by Z^i := Z^, 
/I := / and := f-^D^-i), /" := /""^ o / for n G N, n > 2. Note that 
D2 = f-\Di) gD = Di and thus D„+i C C D for all n G N. 

In a subsequent paper, Essen and Wu P Theorem 1] gave the following gener- 
alization of their result. Here a fixed point ^ of / is called repelling if > 1- 

Theorem A. Let D G C be a domain and let T he the family of all holomorphic 
functions / : D — t- C for which there exists n = n[f) > 1 such that f^ has no 
repelling fixed point. Then T is normal. 

There are a number of further developments initiated by Yang Lo's question. For 
example, his question has also been considered for meromorphic [12] and quasireg- 
ular [H] functions. Other papers related to Yang Lo's problem include [U HI El US]; 
see [21 section 3] for further discussion. The following result was proved in [21 
Theorem 1.3]. 

Theorem B. For each integer n > 2 there exists a constant Kn > 1 with the fol- 
lowing property: if D G C is a domain and T is a family of holomorphic functions 
/ : D — 7- C such that ^ for all fixed points ^ of f", then J-" is normal. 

Considering the family J-" = {az'^}a£c\{o} we see that the conclusion of Theorem B 
does not hold for = 2". The following conjecture says that it holds for Kn < 2". 
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Conjecture A. Let D C C be a domain, n > 2 and £ > 0. Let J-" be the family 
of all holomorphic functions / : D — > C such that < 2" — e for all fixed 

points ^ of Then J-" is normal. 

We show that this conjecture is true for n = 2. 

Theorem 1. Let D G C be a domain and e > 0. Let T he the family of all 
holomorphic functions f : D ^ C such that < 4 — e for all fixed points ^ 

of . Then T is normal. 

We deduce Theorem [T] from a result about fixed points of iterated polynomials. 
In fact, we shall see that Conjecture A is equivalent to the following conjecture. 

Conjecture B. Let p be a polynomial of degree at least 2 and let n > 2. Then 
has a fixed point ^ satisfying \{p^)'{C,)\ — 2'^- 

The equivalence of these two conjectures is seen by the following result. 

Theorem 2. Let n > 2 and let C„ > 6e such that for every polynomial p of 
degree at least 2 there exists a fixed point ^ o/p" such that ^ Let 

D G C be a domain, let e > and let T be the family of all holomorphic functions 
f : D ^ C such that < - e for all fixed pomts ^ of Then T is 



Theorem [T] now follows from Theorem [2] and the following result which says that 
we can take C2 = 4. 

Theorem 3. Let p be a polynomial of degree at least 2. Then p^ has a fixed point 
i satisfying > 4. 

We conclude this introduction with a conjecture which is stronger than Conjec- 
ture B. 

Conjecture C. Let p be a polynomial of degree d > 2 and let n >2. Then p" has 
a fixed point ^ satisfying |(p")'(OI > c?"- 

The monomial p{z) = z'^ shows that this would be best possible. A. E. Eremenko 
and G. M. Levin |l6l Theorem 3] have shown that if p is a polynomial of degree 
d >2 which is not conjugate to the monomial z'^, then there exists n > 2 such that 
p" has a fixed point ^ satisfying |(p")'(OI > d"'- 



We shall use the following result proved in [21 Theorem 1.2]. 

Lemma 1. Let f be a transcendental entire function and let n E N, n > 2. Then 
there exists a sequence {^k) of fixed points of such that 00 as k 00. 

The other main tool in the proof of Theorem [2] is the following lemma due to 
X. Pang and L. Zalcman [TOl Lemma 2]. 

Lemma 2. Let J-" be a family of functions meromorphic on the unit disc, all of 
whose zeros have multiplicity at least k, and suppose that there exists A > 1 such 
that \g^''\^)\ < A whenever g{^) = 0, g E J-' . Then if J-' is not normal there exist, 
for each < a < k, a number r G (0, 1), points Zj G D{0, r), functions gj G T and 
positive numbers pj tending to zero such that 



normal. 



2. Proof of Theorem [2] 




^ G{z) 
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locally uniformly, where G is a nonconstant meromorphic function on C such that 
the spherical derivative of G satisfies G'^{z) < G'^lO) = kA + 1 for all z & C 

We shall only need the case /c = 1 of Lemma [21 This special case can also 
be found in Pang's paper [3 Lemma 2]. The case a = is known as Zalcman's 
lemma [151 IS] • 

Proof of Theorem\^ We denote by J^{D,n, K) the family of all functions / holo- 
morphic in D such that ^ ^ whenever /"'(^) = ^. Note that this implies 

that ^ whenever f(^) = ^. Suppose that the conclusion of Theorem [21 

does not hold. Then there exist a domain D G C, n > 2 and e > such that 
J^{D, n, Cn — s) is not normal. We may assume that D is the unit disk. 

We choose a non-normal sequence (/,) in F{D, n, Cn—s)- With gj{z) := fj{z) — z 
we find that if gj{C,) = 0, then fj{C,) = ^ and thus 

\9-m < i/j(Oi + 1 < ^/a^ + 1 =: A 

We may assume here that e is chosen so small that A" > C„. Clearly, the sequence 
(gj) is also not normal. Applying Lemma [21 with a = A; = 1 we may assume, 
passing to a subsequence if necessary, that there exist Zj G D and pj > such that 
9j{^j''i'Pj^)/ Pj ^(^) some entire function G satisfying G'^{z) < G*(0) = A+1 
for all z G C With Lj{z) = zj + pjz we find that 

hJz) := LfifJLJz))) = fi^^'J+P^^'^-^^ = 9ji^:i + Pj^) + ^ ^ dz) + z. 

Pj Pj 

With F{z) := G{z) + z we thus have hj{z) — F{z) as j — t- oo. It follows that 
h^{z) — 7- F"'{z). The assumption that fj G J^{D,n,Cn — s) implies that hj G 
J^{Lj\D),n, Cn-e); that is, < C*™ - e whenever h]{^) = ^ We deduce 

that F G ^-"(0, n, C„ — e). It follows from the definition of C„ that F cannot be 
a polynomial of degree greater than one. And Lemma [H implies that F cannot 
be transcendental. Thus F is a polynomial of degree 1 at most. Now |-F'(0)| > 
|G"(0)| - 1 > ^#(0) -1 = A. Hence F has the form F{z) = az + b where \a\ > A. 
With ^ := 6/(1 - a) we obtain F{^) = ^ and \F'{^)\ = \a\ > A. Thus = ^ 

and = K\ > A" > C„, contradicting F G J'(C,n,C„ - e). 

3. Proof of Theorem [31 
The following lemma is due to A. E. Eremenko and G. M. Levin |6l Lemma 1]. 
Lemma 3. Let p be a polynomial of degree d >2. Then there exists c such that 

= - 1) + c" 

{z:p"-{z)=z} 

for all n E N. 

In fact, they show that this holds with 

{z:p{z)=w} 

for arbitrary w G C, but we do not need this result. We note that in the sum 
occuring in the lemma each fixed point of is counted according to multiplicity. 
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Proof of Theorem\^ Suppose that p is a polynomial such that < 4 for 

each fixed point ^ of p^. Then < 2 for each fixed point ^ of p. It follows 

from Lemma |3] that 

(1) 1) + c| < 2c/ 
and 

(2) \d\(f ~ I) + ^\ < A(f . 

Now (□) yields c = -c/((i - 1) + re** where < r < 2d and t G M. Thus 
c2 = - 1) + re'f = d\d - 1)2 - 2d{d - l)re'* + r^e'^* 

and hence 

Re(c2) = d'^{d-l)^ -2d{d-l)r cost + r'^ cos 2t 

= d'^{d-lf -2d{d-l)rcost + r^{2cos'^t-l) 
= d^{d- 1)^ - - 2d{d - l)r cost + 2r^ cos'^ t 

= ^d^{d-lY -r^ + 2 (^d{d-l) -rcost 
> ld\d-lf-r^ 



Thus 



|rf2(rf2-l) + c2| > Re{d\d^ - 1) + c") 



> d^{d^ -l) + ^d\d-lf -Ad^ 



Combining this with (|2]) we find that 



and thus that 



{^d^ ^d-^\ Kid' 



3^2 _ ^ _ 9 
2 2 



The last inequality can be rewritten as 



3 . , 17 3 / / 1\^ 52 , 
-d^-d = - i d--] <0. 



2 2 2 \ V 3 / 9 



It follows that d<{l + 2V13)/3 < 3. 

It thus remains to consider the case d = 2. Then c = in Lemma [31 Let .^1,^2 
be the fixed points of p and ^1, ^2, ^3, ^4 those of p^. Then p'(^i) +^'(^2) = 2 so that 
p'{^i,2) = 1 ±a for some a G C, with |1 ±a| < 2. In particular, we have | Rea| < 1. 
Moreover, Lemma [3] yields 
4 

12 = Y^ip'nQ = (1 + af + (1 - af + ip'n^,) + ip'nu) 
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and hence 

(p%3) + (/)'(e4) = 2(5-a2). 

It follows that 

Re {{p'n^s) + ip'nU)) = 2(5 - Re{a')) > 2(5 - (Reaf) > 8. 
Hence there exists j e {3,4} with |(p^)'(Cj)| > 4, a contradiction. 
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